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Abstract 

The existence of an infinite set of conserved currents in completely integrable 
classical models, including chiral and Toda models as well as the KP and self-dual 
Yang- Mills equations, is traced back to a simple construction of an infinite chain 
of closed (respectively, covariantly constant) 1-forms in a (gauged) bi-differential 
calculus. The latter consists of a differential algebra on which two differential maps 
act. In a gauged bi-differential calculus these maps are extended to fiat covariant 
derivatives. 

1 Introduction 

Soliton equations and other completely integrable models are distinguished by the exis- 
tence of an infinite set of conservation laws. In particular, for two-dimensional (principal) 
chiral or cr-models an infinite set of nonlocal conserved currents had been found |l| and 
later a simple iterative construction has been presented 0. The latter construction was 
formulated in terms of differential forms and then generalized to noncommutative dif- 
ferential calculi on commutative algebras by the present authors 0, and moreover to 
differential calculi on noncommutative algebras 0. As a particular example, this gener- 
alization includes the case of the nonlinear Toda lattice and the corresponding nonlocal 
conserved charges coincide with those which had been obtained earlier in a different way 
P]. The question then arose whether also other soliton models, like KdV, fit into this 
scheme. In this work we present a somewhat radical abstraction of the abovementioned it- 
erative construction of conserved currents for chiral models which indeed applies to many 
of the known soliton equations and integrable models. It severely deviates, however, from 
our previous approach |^ which made use of a generalized Hodge operator on noncom- 
mutative differential calculi. Our present approach is based on differential calculi with 



two differential maps (which are analogues of the exterior derivative of the differential 
calculus on manifolds). We are thus dealing with 6z-differential calculi, a structure which 
we introduce in section 2. Section 3 contains as an example a generalization of Plebanski's 
first heavenly equation ||. Most interesting examples require a 'gauged bi-differential 
calculus' which we consider in section 4. Several integrable models which fit into this 
framework are presented in section 5. Some concluding remarks are collected in section 
6. 



2 Bi-difFerential calculi and an iterative construction 
of closed forms 

Let A be an associative algebraQ. A graded algebra over ^ is a No-graded associative 
algebra fl{A) = 0r>o^'('^) where Q'^i^A) = A. Furthermore, we assume that fl{A) has 
a unit I such that Iw = w 1 = w for all w E Q{A). A differential calculus {VLi^A), d) over 
A consists of a graded algebra VL{A) over A and a linear map d : V[''{A) DJ'^^{A) with 
the properties 

d" = (2.1) 
diww') = {dw)w' + {-iywdw' (2.2) 

where w G Q'^{A) and w' G Q{A). The identity II = I then implies dl = 0. A triple 
{Q{A),d,6) consisting of a graded algebra Q{A) over A and two maps d,6 : Q'^{A) — > 
Q^^^{A) with the above properties and 

(5d + d(5 = (2.3) 

we call a bi- differential calculus. 

Example. The following sets up a (somewhat restricted) framework for constructing bi- 
differential calculi. All the examples which we encounter in the following sections actually 
fit into this scheme. Let fi = 1, . . . ,n, generate Q^{A) as a left ^-module. This requires 
commutation rules for and the elements of A. Assuming ^^C,"^ + ^"C,'^ = 0, products of 
the then generate fl{A) as a left ^-module. Let M^, N^, be derivations A ^ A. We 
define 

df = {MJ)e, Sf = {N,f)e (2.4) 

and 

d(/ e ■ ■ ■ e) = (d/) e ■ ■ ■ e , 5if e ■ ■ ■ e) = (5/) e ■ ■ ■ e (2.5) 
(r = 1, . . . , n). Then we have 

d' = ^ [M^, M,] = (2.6) 
6^ = ^ [N^,N,]=0 (2.7) 
d<5 + (5d = ^ [M^, N,] = [M„ N^] . (2.8) 



^We consider algebras over R or C. A linear map is then linear over M, respectively 
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Up to this point we did not have to specify the commutation rules between the ^'^ and 
the elements of A. The graded Leibniz rule ( p.2|) holds, in particular, if [^^, /] = for all 
f E A and /i = 1, . . . , n. <0 

Let {Q{A),d,6) be a bi-differential calculus such that, for some s > 1, the s-th coho- 
mology HI{Q{A)) is trivial, so that all (5-closed s-forms are 5-exact. Suppose there is a 
(nonvanishing) x^^^ ^ ^1^~^{A) with 

= . (2.9) 

Let us define 

jW = dx^°^ (2.10) 

Then 

= -d5x^°) = (2.11) 

so that 

J«=5X^^) (2.12) 
with some x^^^ ^ Vl'^^^{A). Now let J^"^^ be any s-form which satisfies 

5jM = , J(") = dx^""^^ . (2.13) 

Then 

j{m) ^ g^{m) ^2.14) 

with some x^™^ ^ fi*"^(^). Hence 

j{m+l) ^ ^^(m) ^2.15) 

is (5-closed: 

^j(m+l) _ -dSx'^rn) ^ _^j{m) ^ = . (2.16) 

In this way we obtain an infinite toweiQ of (5-closed s-forms J*^™-* and elements x^™-* G 
il'^^^{A) satisfying 

^^(m+i) _ (2.17) 

(see Fig. 1). 



^Of course, in certain examples this construction may lead to something trivial. This happens, in 
particular, if d and 6 are linearly dependent, so that the bi-diffcrcntial calculus reduces to a differential 
calculus. See also the first remark below. 
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Fig. 1 

The infinite tower of (5-closed s-forms J^'' 



Intro ducingQ 



X 



Y^X^X^"^) (2.18) 



m=0 



witli a parameter A, tlie set of equations (|2.17|) implies 

6x = Xdx. (2.19) 



Conversely, if this equation holds for all A, we recover ( |2.17| ). 
Remarks. 

(1) Let e n'~\A), s > 1, such that = 5a with some a e n'-^{A). This leads to 
J^^^ = dx*-"-* = d6a = —6da and thus x^^^ = ~da (up to addition of some /? G fl^~^{A) 
with 5/3 = 0, see the following remark). Hence J^"^^ = 0, and the construction of 5-closed 
s-forms breaks down at the level m = 2. In order to have a chance, that the iteration 
procedure produces something nontrivial at arbitrarily high levels m, it is therefore nec- 
essary that the cohomology if|~^(i7(^)) is not trivial and the iteration procedure must 
start with some x*-""* ^ ^^~^{A) which is (5-closed, but not 5-exact. 

(2) (57*^™-) = 0, m > 0, determines x*^™^ via ( |2.14| ) only up to addition of some Xrn with 



Sxm = 0. But Xm then plays the same role as x^^^ ' Hence, this freedom corresponds 
to a new chain starting at the mth level. If there is only a single linearly independent 
x'^°^ G ^1^^^{A) with 5x^'^^ = (but x^^^ ^ot 5-exact), this means that J*^™'^ is determined 
only up to addition of some linear combination of the J^"^ with 1 < q < m. In this case, 
we are loosing nothing by simply ignoring the above freedom in the choice of x*'™^ • If there 
are several linearly independent choices for x''°^ (with ^x'''''* = 0? but x'''''' ^ot (5-exact), 
we have to elaborate the sequences J*-'"\ m > 0, for all of these choices (respectively, for 
their general linear combination). Again, the freedom in the choice of x^"^\ m > 0, then 

■^In general, we can only expect x to exist as a formal power series in A. 
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does not lead to anything new. 

(3) In the definition of a bi-differential calculus we have assumed that both differential 
maps d and 6 act on the same grading of Q{A). The above iteration procedure works, 
however, as well if they operate on different gradings. Then we have to start with a 
bi-graded algebra Q{A) = 0r>o s>o ^'^''*('^) 'with Q'^'^{A) = A, and differential maps 
d : n-^'^iA) n'-+^''{A), 5 : ^ n'-''+\A) satisfying 

(4) In classical differential geometry, bi-differential calculi appeared under the name dou- 
ble complex or bicomplex (see 0, for example). In particular, given a differentiable fibre 
bundle, a splitting of the exterior derivative on the bundle space into vertical and hori- 
zontalQ parts leads to a bicomplex. In this way, bicomplexes also appeared in the context 
of symmetries and conservation laws of Euler-Lagrange systems (see |T^, for example). 



The way in which the present work relates bicomplexes and conservation laws, however, is 
different and seems not having been anticipated in the literatur. In general, the maps d, 6 
of a bicomplex are not required to be (graded) derivations. In fact, the above iterative 
construction of 5-closed forms does not make use of the (graded) Leibniz rule. 

(5) The condition (|2.9| ) can be weakened to d5x^^^ = 0. Setting J^^^ = 5x^^\ this somehow 
improves the left end of the diagram in Fig. 1. 

(6) If H^{fl{A)) 7^ {0}, the iterative construction may still work, for some x^^\ though 
perhaps only up to some level m where we encounter a 5-closed form J^'"^^ which is not 
5-exact. <C> 

In this work we will concentrate on the case s = 1 where x ^ Since s-form 
conservation laws with s > 1 are of some interest in the theory of differential systems and 
physical field theories (see and the references given there), we believe that the above 



generalization has some potential. 

3 Example: a generalization of Plebanski's first heav- 
enly equation 

Let A be the algebra of smooth functions of coordinates x^, /i = l,...,2n, and y"', 
a = 1, . . . , 2m, and let and da denote the partial derivatives with respect to x'^ and y°', 
respectively. We define 

6f = {d,f)6x^ (3.1) 
where the Sx'^ are ordinary differentials, which commute with functions, and 

d/ = (M^/)5x^ (3.2) 

where 

M^ = M';da (3.3) 
with functions M^. Now (5d + d5)/ = (for all f e A) means 6{M^ 5x^) = and thus 

= d^W (3.4) 

^Horizontal with respect to a (local) cross section or flat connection. 
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with G A. Furthermore, = is satisfied if [M^, M,y] = which leads to 

id^W'')id,daW') - id,W'')id,daW') = . (3.5) 
Let us now consider the special case where 

W'' = u}^''dbn (3.6) 
with a function Q and constants a;"'' = — a;^".0 Then 

uj'''cu'''d4id,d,n){d,dan)} = . (3.7) 

If (u;'^^) is invertible, this leads to 

uj''''{d^damdudbn)=Co^, (3.8) 
where Ofj^u are arbitrary functions of x'^, satisfying cD^,^ = —uiu^. Furthermore, the 2- form 

Co = ]^Cj^^8x^8x'' (3.9) 

is 5-closed. Let us take Cj^^ to be invertible. Then, by the Darboux theorem, there are 
local coordinates x^ such that 

(3.10) 

where is the n x n unit matrix. (|3.8|) generalizes Plebanski's first heavenly equation 0] 
to which it reduces for m = n = 1: 

where x^ = {t,x) and y"" = {q,p)- This is a gauge-reduced form of the self-dual gravity 
equation 0.0 The above generalization of Plebanski's equation appeared already in p|. 

For f,gEAwe introduce the Poisson bracket 

{f,g} = u^''{dj){dbg). (3.12) 

Then 

df = {f,6n}, {6n,6n} = 2(1; . (3.13) 

The initial condition ^x^"'' = for the iterative construction of (5-closed 1-forms in the 
preceding section means that x^^^ ^ does not depend on x^, hence x^^^ = X^^Kv"")- 

^If uj'^'' has an inverse ujab, the latter defines a symplectic 2-form and W = W^da is the Hamiltonian 
vector field associated with the Hamiltonian H.. 

^ A solution fl determines a Riemannian metric with line element ds^ = fltp dt dp + Q,tq dt dq + 
flxp dx dp + Vlxq dx dq. 
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From ( PTTBQ and (^J^) we get 
In particular, this leads to 

X« = {x(°\^^} (3.15) 
(modulo addition of a function which only depends on y"), so that 

J(2) = dx« = {{x(°\^^},5fi}. (3.16) 

Remark. Let e^^ be constant and antisymmetric. We define := e^'^jj)™'^ where 
ji-m) — ji^) Now 5J(™) = becomes d^J^"^''^ = which is a familiar form of a 
conservation law. See also [0, [l^ for related work. 



4 Gauging bi- differential calculi 

Let {Q{A), d, (5) be a bi-differential calculus, and A, B two x A^-matrices of 1-forms (i.e., 
the entries are elements of Q^{A)). We introduce two operators (or covariant derivatives) 

Dd = d + A Ds = 6 + B (4.1) 

which act from the left on x A^-matrices with entries in Q{A). The latter form a graded 
left Amodule M = ®r>o^''- Then 

Dl = ^ Fd[A] =dA + AA = (4.2) 
Dj = ^ Fs[B] = 6B + BB = (4.3) 
DdDs + D5Dd = ^ dB + 5A + BA + AB = . (4.4) 

These conditions are sufficient for a generalization of the construction presented in section 
2. If they are satisfied, we speak of a gauged bi-differential calculus. 

Suppose there is a (nonvanishing) x^^^ E Ai"^^^ with 



Then 



is D^-closed, i.e. 



Dsx^''>=0. (4.5) 



J(i) = (4.6) 



D5J« = -DdD5X^°^ = 0. (4.7) 
If every D^-closed element of is D^-exact, then 

J^'^ = DsX^'^ (4.8) 
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with some x'-^^ E M" ^ Now let J^™") G M" satisfy 
Then 



(4.9) 



(4.10) 



with some x^™^ £ ^ (which is determined only up to addition of some /3 G A^* ^ with 

^5/3 = 0), and 



j(m+l) ^ ^(m) 



is also DA-closed: 



(4.11) 



(4.12) 



In this way we obtain an infinite tower (see Fig. 2) of D^-closed matrices J*-™-' of s-forms 
and elements x^"^^ ^ Ai^~^ which satisfy 



m) 



(4.13) 




Fig. 2 

The infinite tower of D^-closed (matrices of) s-forms J^'^\ 



In terms of 



(m) 



m=0 



with a parameter A, the set of equations ( |4.13| ) leads to 

DsX = ^D^X- 

Conversely, if the last equation holds for all A, we recover (|4.13 ). 



(4.14) 



(4.15) 
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Of particular interest is the case s = 1, as we will demonstrate in section 5. The above 
procedure works, however, irrespective of this restriction (provided there is a D^-closed 
s-form and the cohomology condition is satisfied). It thus opens new possibilities which 
still have to be explored. The remarks in section 2 apply, with obvious alterations, also 
to the gauged iteration procedure. 



If i? = 0, the conditions (H^ )-(|44|) become 

Fd[v4]=0, 6A = 0. (4.16) 

There are two obvious ways to further reduce these equations. 

(1) We can solve Fd[A] = by setting 

A = g-Ug (4.17) 

with an invertible N x A^-matrix g with entries in A. Then the remaining equation reads 

6ig'Ug) = (4.18) 

which resembles the field equation of principal chiral models (see also the following sec- 
tion). 

(2) We can solve SA = via 

A = 6(1) (4.19) 
with a matrix 0. Then we are left with the equation 

d{6(f)) + {6(j)'f = . (4.20) 

This generalizes the so-called 'pseudodual chiral models' (cf ^M, see also [|15|, |lH|). 



5 Gauged bi-difFerential calculi and integrable mod- 
els 

In this section we present a collection of integrable models which arise from gauged bi- 
differential calculi. As a consequence, they possess an infinite tower of 'conserved currents' 
in the sense of D^-closed 1-forms. For some well-known integrable models, like principal 
chiral models, KP equation and the nonlinear Toda lattice, we show that these reproduce 
known sets of conserved currents and conserved charges. Moreover, in the last subsection 
we present a set of equations in 2n dimensions which generalize the four- dimensional self- 
dual Yang-Mills equation and which are integrable in the sense of admitting a gauged 
bi-differential calculus formulation. 
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5.1 Chiral models 

(1) Let A = C°°(]R^) be the commutative algebra of smooth functions of coordinates t,x, 
and 6 the ordinary exterior derivative acting on the algebra Q{A) of differential forms on 
M2. Then 

6f = f,Sx + ft6t \/feA (5.1) 

where fx and ft denote the partial derivatives of / with respect to x and t, respectively. 
As a consequence of the Poincare Lemma, every 5-closed 1-form is (5-exact. An extension 
of this differential calculus to a bi-differential calculus is obtained by defining another 
differential map d via 

df = ft6x + fx6t, d{f6x + h6t) = {df)6x+{dh)6t. (5.2) 

Indeed, we have 

dSf = {fa,.-fu)St5x = -Sdf (5.3) 

= ift.-f.t)St6x = (5.4) 

and d also satisfies the graded Leibniz rule ( |2.2| ). Now -fd[A] = is solved by 

A = g'^dg = g'^gt5x + g'^g^dt (5.5) 

with an invertible N x iV-matrix g with entries in A. With B = 0, the remaining condition 
( [4.4|) for a gauged bi-differential calculus is 6A = which turns out to be equivalent to 
the principal chiral model equation 

{g'^gt)t = {g'^gx)x ■ (5.6) 

It has the form of a conservation law. More generally, SJ = for a 1-form J = Jo6t+Ji 6x 
is equivalent to the conservation law Ji^t = Jo,x- Hence Q = — const conserved (if 
Jq vanishes sufficiently fast at spatial infinity). From ( [4. 10] ) we get 

oo 

J = ^ A'" J^'") = A DdX = A [ixt + g-'gt x) Sx + (x. + g-'g^ x) St] (5.7) 

m=l 

and SJ = leads to 

{xt + g'^gtx)t = {xx + g^^gxx)x ■ (5.8) 

(|4.13|) takes the form 

= A ixx + g'^gx x), Xx = X {xt + g'^gt x) ■ (5.9) 

Inserting ( |4.14]) with x^'^^ = I-, the N x N unit matrix^, in the last equation, we obtain 
the conserved charges 

Q^'^ = [ g"'gtSx (5.10) 

Jt = cons t. 



^This satisfies (Jx'"-* = 0. The most general solution of Sx''-^^ = is the N x N matrix where the entries 
are arbitrary constants. Instead of the Q obtained from the initial data x'"'' = -^j we then simply get Q 
multiplied from the right by this general N x N matrix. 
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Jt = const. 



/ (g'^gx + g'^gt [ g-^gtSx'] 6x (5.11) 

Jt = const. \ J / 



and so forth. In this way one recovers the infinite tower of nonlocal conserved charges for 
two-dimensional principal chiral models 0. 

(2) Let A = C°°(M^) with coordinates t,x,y. Regarding x as a parameter, the ordinary 
calculus of differential forms on the algebra of smooth functions of t and y induces a 
differential calculus {Q{A),6) such that 

Sf = ftSt + fy6y. (5.12) 

Now 

df = U5t + ft 6y , d(/ 6t + h 6y) = (d/) 6t + (dh) 6y (5.13) 

defines a map d satisfying the graded Leibniz rule, d^ = and d6 = —6d. With A = g^^dg 
we have F^IA] = 0, and (with B = 0) the condition 6 A = becomes 

{g-'gt)t = ig-'g.)y ■ (5.14) 



From 6{dx + Ax) = (which is an integrability condition of ( [4.15| ) ), one obtains the 
conservation law 

ixt + g'^gt x)t = {xy)x + {g'^gx x)y (5. 15) 

which leads to the conserved quantity 

Q = [ {xt + g-'gtx)Sx5y (5.16) 

Jt = const. 

(assuming that g~^gx and Xy vanish sufficiently fast at spatial infinity). Furthermore, 
( [4.15| ) takes the form 6x = ^ {d + A)x which leads to 

Xt = ^{Xx + g'^gxx) , Xy = ^{xt + g'^gtx) ■ (5.17) 

Using (|4. 14| ) with x^^^ = the N x N unit matrix, we obtain the conserved charges 



g« = / g-'gtSx6y (5.18) 

Jt = const. 



Q^'^ = [ (g-'gx + g-'gt r g-'gt5y') 5x5y 

Jt = const. V J J 



(5.19) 



and so forth. 
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5.2 Toda models 

(1) Let A be the algebra of functions of t, k, S, which are smooth in t and formal 
power series in the shift operator 

Sif)k = fk+i (5.20) 

and its inverse S~^. k has values in Z and we introduced the notation fk{t, S, S^^) = 
fit, k, S, S^^). Because of the relations S fk = fk+i S and S^^ fk = fk-i S^^, the algebra 
A is noncommutative. We define a bi-differential calculus over A via 

6f = f6t+ [S, /] e , df = [S~\ f]5t-fi (5.21) 

where (5t)^ = = (^^, + 5t ^ = and / = df/dt. 6t and C, commute with all elements 
of A. The action of 6 extends to 1-forms via 

S{f6t + hO = {6f)St+{Sh)C (5.22) 

and correspondingly for d. Indeed, 

= -idf)^ + d[S-\f]6t=-[S-\f]5t^-[S-\f]^5t = (5.23) 
dSf = idf)St + d[S,f]^ = -f^St+[S-\[SJ]]5t^ 

= f6t^~[S,[S'\f]]^6t = -6df (5.24) 

and similar calculations demonstrate that the rules of bi-differential calculus are satisfied. 
Let 

A = e-"^ de'"= = (e«'=-i-^^ - 1) S'^ St-qk^ (5.25) 
with a function qk{t) = q(t, k) and qk = dqk/dt. Then Fa[A\ = and, using 

[S, {e"''-^-^^ - 1) S-^] = [S, e^^-i--?^-] S-^ = {e'"'-'"'+' - e'^'^-i"?^) S S'^ , (5.26) 
we recover from 6A = (thus setting 5 = 0) the nonlinear Toda lattice equation 

= e^^-i-'?^- - e'?^-'''=+i . (5.27) 

( [4.15|) is equivalent to the system 

Xk = X (e'^'^-^-'^^Xk-i-Xk) (5.28) 
Xfe+i - Xk = -A ixk + QkXk) S~'^ (5.29) 

which leads to 

Xk+i~Xk = -XqkXkS-' + X'{xk-e'''-'-''Xk-i)S-' . (5.30) 

Inserting 

oo 
m=0 
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with x^'^^ = 1 in the last equation leads to 

x2i - = -4k (5.32) 

and 

xt\ - = -4k X^r'^ + xt'"^ - e---'^ xtf^ (5.33) 
for m > 1. Hence 

Xl'^ = - E (5.34) 

j=-oo 

(provided that the infinite sum on the r.h.s. exists) and 

^ = E (-g, xf"'^ + xf-'^ - e*— xT-f^) (5.35) 

j = -OD 

for m > 1. In particular, 

fe-i fc-i j-i fc-i 

X?^= E + = E E^^*+ E (l-e^^-^"*) • (5-36) 

j = — 00 j = — 00 l = — OQ j = — 00 

For a 1-form J = Jq 6t+Ji 5*^ the condition 5 J = reads Ji = ^(Jo) — -^o = "9+ Jq where 
the r.h.s. is the discrete forward derivative of Jq.Q The latter equation is a conservation 
law. Indeed, for 



fc=— oo 

where the last equality defines the integral, we have 

d 



Jt = const. 



Q= / (9+ Jo) 5^ = (5.38) 

Jt = const. 

if Jofc vanishes sufficiently fast for k ±oo. Using J^™) = J^™-^ 5*"™ and ( [4.10[ ), we find 



= const. Jt = const. 



(JXJ 

E (-^^ ^^"'^ + x'r"' - e^'-'-'^ xt\'^) (5.39) 



fc=— oo 



^Setting X = J Jodt (ordinary integration with respect to t), one easily verifies that 5J = imphes 
J — Sx, so that (5-closed 1-forms are ^-exact. 
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which, together with ( p.35[ ), allows the recursive calculation of the conserved charges 
In particular, we get 

oo 
fc=— oo 

and 

^ ^ oo oo 

I {Q^'^r - = \ (^"-^"" - 1) (5-41) 

fc=— oo fc=— oo 

which are the total momentum and total energy, respectively. Proceeding further with 
the iteration, one recovers the higher conserved charges of the Toda lattice as given, for 
example, in 0. For instance, introducing Xk = e'^''-^~'^'' we find 

oo oo fc— 1 j — 1 

q(3) = _ ^ Xk- ^ E ^fc (li 

k=—oo k=—ooj=—ool=—oo 
oo k~-l 

+ E E - 1) + - 1)) (5-42) 

fc=— oo j=—oo 

and after some resummations we obtain the formula 

- g(^) + Q« Q(^) - Q(^) - I =f2(lQl + Qk {Xu + . (5.43) 

A;=— oo 

Remark: Since 5k = S ^, we have [6k, f] = {S{f) — f) 6k and 6f = f 6t + {S{f) — f) 6k 
for functions f{t, k). Since 6k does not in general commute with functions, the last two 
equations define a noncommutative differential calculus over the commutative algebra of 
functions on R x Z W^. There is an integral naturally associated with this calculus. It 
satisfies 



„ oo 

/ fit,k)6k= E fit^k) 

k=-oo 



We refer to |]Ty| for details. See also for a different derivation of the conserved charges 
for the Toda lattice in this framework. (} 

(2) A generalization of the previous example is obtained as follows. Let A be the algebra 
of functions of t,x,k, S, which are smooth in t and x, and polynomial in the shift 
operators S,S~^. Again, k has values in Z. A bi-differential calculus over A is then 
obtained via 

6f = f6t+ [S, /] e , df= [S'\ f] 6t + f^ (5.44) 



By using ( 5.33| ) we also have Q^™-* — Xoo^ ~ X-^- 
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where /' = df /dx. With 

A = 6-"'= de'"= = (e'?^-i-'?'= - 1) S-^ St + qiC (5.45) 

we have Fd[A] = and 6A = becomes the Toda field equation 

q'^ = e9'=-'?fe+i _ 6'"=-!-'?'= . (5.46) 

Alternatively, we can solve 6A = hj A = 6{uS^^) with a function u{t,x,k). Then 
Fa[A] = reads 

u+{l + u)Au = (5.47) 
where Am = S{u) + S^^{u) — 2u. The latter equation has been studied in pO |. 



(3) Let A be as in the previous example and consider the bi-differential calculus deter- 
mined by 

5f = [S'\ nr-n, df = fT+[SJ]^. (5.48) 

With 

A = Xt + {Y -I)S^ (5.49) 
where X, Y are matrices with entries in A and / is the unit matrix, SA = leads to 

Xk' = Yk- Yk-i (5.50) 

and Fa[A\ = becomes 

= ^k+1 — Yk ■ (5.51) 

For X = t, the (transpose of the) last two equations are those of the non-Abelian Toda 
lattice explored in [El], for example. 



5.3 The KP equation 

Let ^0 = (^""(M"^) be the algebra of smooth functions of coordinates t,x,y, and A the 
algebra of formal power series in the partial derivative dx = d/dx with coefficients in Ao- 
We define a bi-differential calculus over A via 

df = [dt-dlf]T+[^dy-^dlf]^ 

= ift-fxxx-^fxxdx-SfxdDr + ^^fy-fxx-^fxdx)^ (5.52) 
= [ldy + ^dlJ]T+[dxJ]^ = l{fy + fxx + 2fxdx)T + fx^. (5.53) 

For a gauge potential A G Vl^{A) we solve the equation 5^4 = by 

3 
2 



A = 6v = -{vy + Vxx + 2 Vx dx) T + Vxi (5.54) 
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with V G Then -fd[^] = takes the form 

'^xt ^ Vxxxx ~l~ 3 f a; '^xx ^ ''^j/j/ — . (5.55) 

Differentiation with respect to x and substitution u = —v^ leads to the KP equation 

{Ut - ^ Ur^^r, - 3 UU^)x -^Uyy = (5.56) 



in the form considered, for example, in p2| . 

Let us now turn to the conservation laws. First we note that the integrability condition 
6Dd X = of (|4.15|) for X G can be written in the form of a conservation law, 

{Xx)t = ^ (Xy + 2 1;^ x)y + Xxxx ~^'"y^~^'"^ ^^)^ • (^-^ 

Note that terms proportional to cancel each other in the evaluation of 6Dd x ■ Moreover, 
in the case under consideration ( [4.15|) consists of the two equations 

Xx = ^{^Xy-T^Xxx + v^X-Xxdx) (5.58) 



and 



Inserting 



2 

Xy + Xxx + 2xxdcc = A [- {xt - Xxxx - 3 Xxx -Sxxd^) 

+Vy X + f XX X + 2 Xx + 2vxxdx] ■ (5.59) 



X = J2^nd: (5.60) 

n=0 



we get 



Xo,x = ^ iXo,y - X0,xx + 2 xo) (5.61) 



2 

XO,y + XO,xx = [3 (^0,t - X0,xxx) + Vy Xo + Vxx Xo + 2 f ^ Xo,x] ■ (5.62) 



The transformation 



oo 

Xo = e^^ y.= ^A"^y.("^) (5.63) 



m=0 

(which sets Xo""* = 1) the first of these equations yields 



A A^ 

= - iVy - Vxx) - — {Vxf - U (5.64) 
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which in turn leads to 

= -u (5.65) 
= -^d-^Uy + -u^ (5.66) 

^x'^ = -^U^ -\u^X+^Uy-^d~\yy (5.67) 
^X^ = -^Ud-^Uy-^d-\u'^)y+^{u'^):,-^d;^Uyyy 

3 3 1 

+ g dx\y - g Uxy + - U^xx (5.68) 

and so forth, where formally indicates an integration with respect to x. These are 
conserved densities of the KP equation (cf p^H)- Indeed, in terms of equation (|5.62|) 
reads 

3 3 3 

= [^i^-v)]y+[^xx + ^i^-v),^ + -X{ip-^)% 

-Sv,^, + ^{<f,f + X^{if,f . (5.69) 

Differentiation with respect to x now leads to a conservation law for ip^- 

We still have to check that 5-closed 1-forms are (5-exact. SJ = with J = Jqt + JiC, 
means Jo,x = (3/2)(Ji_j/ + Ji^^^ + 2 Ji^^ d^). Then J = 6{d~'^Ji). 

5.4 Sine-Gordon and Liouville equation 

Let A = C°°(M^) be the commutative algebra of smooth functions of coordinates u and 
V, and 6 the ordinary exterior derivative acting on the algebra Q{A) of differential forms 
on M^. Then 

Sf = USu + f,6v WfeA (5.70) 

where /„ and /^, denote the partial derivatives of / with respect to u and v, respectively. 
Another differential map d is then given by 

df = -f^6u + f^6v, d{f6u + h6v) = {df)6u+{dh)6v (5.71) 

and {Q{A),d,6) becomes a bi-differential calculus. It is convenient to introduce the 1- 
forms 

a = XSu + X-Uv, (3 = -X5u + X-Uv (5.72) 
with a parameter A. They satisfy]^ 

{6f)a = -{df)(3, {6f)(3 = -{df)a, af3 = 26u6v. (5.73) 
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(5.65)-( p.68[ ) correspond to equations (4.15a-d) in |Q. (4.15c) and (4.15d) contain misprints, how- 



ever. The corr ect e xpressions are obtained from the appendix in |22| together with (4.14a-c). 
Actually, ( 5.72 ) is the most general solution of these equations. 
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Let Xa, a = 1,2, 3, be a representation of s/(2): 

[Xi, X2] = X, , [Xi, X3] = X2 , [X2, X3] = Xi . (5.74) 

(1) Now we choose A = A"- Xa with 

Ai = (cos|)/3, A' = ^6v, A' = -{sm^)a. (5.75) 

Then Fd[A] = is equivalent to the sine-Gordon equation 

ipuv = smip. (5.76) 

Similarly, let 3 = 3°^ X^ where 

51 = -(cos |) a, 3^ = ^d^, i?3 = (sin|)/3. (5.77) 



Again, -F<5[-B] = is equivalent to the above sine-Gordon equation. Moreover, ( |4.4| ) is 
satisfied. Let us now consider the following nonlinear realization of sl{2). 

To start the iteration procedure of section 4, we need some ^ = ;^{o) with D^^ = 0. With 
3 = —3"'Xa, this condition becomes 5ip + 3 ip = Q, respectively 

oib + dip = 2 sin — cos — a — 2 cos — sin — p 
^ ^ 2 2 2 2^ 

o\ • ^ + '^ A , 2 • ^"'^ A /c; 7n^ 

= 2A sm — - — oti + — sm — - — ov . (5.79) 

2 A 2 

Acting with S on this equation leads to 

Sdif = (Sip + d(p) (cos cos ^ a + sin ^ sin ^ /5) = 2 sin (p Su Sv (5.80) 



which is the sine-Gordon equation ( ^.76| ) for ip. In the same way, acting with d on ( |5.79| ) 



leads to the sine-Gordon equation for ^, i.e., ipuv = sinip. Decomposed in the basis 5u, 5v, 
( p.79| ) becomes 

(^ - (p)u = 2A sin ^ ^ , {tp + v?)^, = ^ sin ^ ^ (5.81) 



which is a well-known Backlund transformation for the sine-Gordon equation (see | 23| , 
for example) .p^ 

(2) Now we set 

A^ = 6ip, A^ = e^a, A^ = f3 . (5.82) 



^^The sine-Gordon equation also appeared in treatments of the SU(2) and 0(3) chiral models 
Our approach above is not related to the discussion of the chiral model in subsection 5.1 in such a way. 
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Then [A] = with A = A"" Xa is equivalent to the Liouville equation 

^uv = e"^ . (5.83) 

Also Fs[B] = with B = B"" Xa and 

5^=d(/?, B^ = e''(3, B^ = e^a (5.84) 
is equivalent to ( |5.83| ). Let us now consider the following nonlinear realization of s/(2), 
~ d ~ d ~ d 

Xi = —, X2 = coshV^ — , X3 = sinh?/;— . (5.85) 
oip dip oip 

With B = —B"- Xa, the equation dtp + Bip = becomes 

Sip — dip = e'^ {sinhip a + cosh ip P) . (5.86) 

Acting with S on this equation yields 

Sdip = -e'f {5ip - dip) (cosh ip a + sinh ip p) = 2 e^'^ 5u 5v (5.87) 

which reproduces the Liouville equation (|5.83|) . Acting with d on ( ^.86|) leads to dSip = 
and thus ipuv = 0. Decomposition of ( |5.86| ) yields 

{iP + ip)u = -A e'^-'^ , {iP - ip\ = \-\'^+^ (5.88) 



which is a well-known Backlund transformation for the Liouville equation (cf for 
example). 

There is a way to construct an infinite set of conserved currents from a given conser- 
vation law (like energy conservation) with the help of the Backlund transformation (see 



25| , for example). So far we have not been able to establish a more direct realization of 



such conserved quantities within our framework. 



5.5 Self-dual Yang-Mills equations in 2n dimensions 

Let (f2(^), d) and {Vt{A), d) be two differential calculi over A such that there is a bijection 
K : Vl{A) Vl{A) with 

k{ww') = k{w) k{w') ^w, w' e n{A) (5.89) 

and n restricted to A is the identity. Then 5 = o d o k, extends {Q{A),d) to a 
bi-differential calculus, provided that d5 + (5d = holds. 

Now we choose A as the algebra of smooth functions of coordinates x^, fi = 1, . . . , n, 
and x'^, fi = 1, . . . ,n. Let {fl{A), d) denote the ordinary differential calculus over A. We 
introduce an invertible ^-linear map -k : Cl'^{A) — * Cl'^{A) via 

* (dx^dx'') = -dx^dx'' (5.90) 
*(dx^dx^) = -dx'^dx^ (5.91) 
^(dx^dx^) = k'^,^ K% dx" dx* (5.92) 
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where (k^p) is an invertible matrix of constants with inverse {n" n)- Let 

A = A^dx^" + B-^dx~^ (5.93) 
be a gauge potential (A^ x A^-matrix of 1-forms) with curvature 

= di + i i = ^ F^^ dx^' dx^ + ^ F^p da;'' dx^ + F^^ dx^" dx^ , (5.94) 

on which we impose the following generalized self-dual Yang-Mills equation, 

F^[i]=^Fa[i] (5.95) 

which is equivalent to 

i^M- = = F^p , F^-p Hp, = F,-p K% . (5.96) 

Let {Q{A), d) be the differential calculus over A which is obtained from the ordinary 
differential calculus by regarding the coordinates x'^ as parameters: 

df = id,f)dx^. (5.97) 

Correspondingly, let {Q{A), d) be the calculus obtained from the ordinary one by regarding 
the coordinates x'^ as parameters: 

df = {df,f)dxf'. (5.98) 
Then Q{A) is the skew tensor product of Q{A) and Q{A), and 

d = d + d. (5.99) 

Furthermore, we define 

Sx~^ = Kf", dx" = K-^dxf") (5.100) 

and 

B = Bf.dx'' = K-\Bf,dx^) . (5.101) 
Now ( |5.95| ) is found to be equivalent to 

F4A] = = Fs[B] , dB + 6A + B A + AB = (5.102) 



which are the conditions (K:.2|) - ([4.4|) . By a gauge transformation, we can achieve that 
B = and thus Ds = S. Since H}{Q{A)) is trivial, the iterative construction of ^-closed 
1-forms in section 4 works. As a special case we recover the self-dual Yang-Mills equation 
in four real dimensions, see below. We have generalized this example to a set of integrable 
equations in 2n dimensions. Equations of this kind have also been considered in ||2^ . 
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Example. Let A = C°°(C^). In terms of complex coordinates y, z with complex conjugates 
y, z, we introduce a bi-differential calculus via 



= fySy + fzSz , df = fy6z - f^6y . 
With A = g^^dg we have Fd[A] = 0, and 6 A = takes the form 



(5.103) 



(5.104) 



which is known to be equivalent to the self-dual Yang-Mills equation [^. Indeed, in 
this case the map * defined above coincides with the Euclidean Hodge operator. The 
construction of conservation laws in the form given in 0] was carried over to the self-dual 
Yang-Mills equation in |^ and is easily recovered in our framework (see also |^ for a 
different approach). (} 



6 Conclusions 

We have shown that, under certain conditions, a gauged bi-differential calculus (which 
has two flat covariant derivatives) leads to an infinite set of covariantly constant 1-forms. 
In many integrable models, these are realized by conserved currents, as we have demon- 
strated in particular for (principal) chiral models, some Toda models, the KP equation 
and the self-dual Yang-Mills equation. Other models are obtained via (dimensional) re- 
duction of bi-differential calculi. For example, the KdV equation is a reduction of the 
KP equation and there is a corresponding reduction of the gauged bi-differential calculus 
which we associated with the KP equation. Many more examples are expected to fit into 
this scheme. Moreover, the latter leads to possibilities of constructing new integrable 
models. In particular, the method is not restricted to certain (low) dimensions, as we 
have demonstrated in section ^ and section |5.5| . We have also indicated the possibility of 



infinite sets of covariantly constant s-forms with s > 1, which still has to be explored. 

The question remains how our approach is related to various other characterizations 
of completely integrable systems. If a system with a Lax pair is given, this defines an 
operator D^- The problem is then to find another linearly independent operator Ds such 
that Dj = = D^Ds + DsD^. The existence of such a Ds is not guaranteed, however, 
and may depend on the choice of Lax pair. 

Over the years several deep insights into soliton equations and integrable models 
have been achieved, in particular the AKNS scheme |^, the r-matrix and the bi- 



Hamiltonian formalism [^, Hirota's method |3^, Sato's theory ||3^, and relations with 



infinite dimensional Lie algebras . To this collection of powerful approaches to the un- 
derstanding and classification of soliton equations and integrable models, our work adds 
a new one which is technically quite simple and which is directly related to the physically 
important concept of conserved currents and charges. Besides the further clarification of 
relations with the approaches just mentioned, a generalization of the scheme presented in 
this work to supersymmetric models should be of interest. 



21 



References 



[1] Liischer M and Pohlmeyer K 1978 Scattering of massless lumps and non-local charges 
in the two-dimensional classical non-linear cr-model Nucl. Phys. B 137 46-54 

[2] Brezin E, Itzykson C, Zinn- Justin J and Zuber J-B 1979 Remarks about the existence 
of non-local charges in two-dimensional models Phys. Lett. B 82 442-444 

[3] Dimakis A and Miiller-Hoissen F 1996 Integrable discretizations of chiral models via 
deformation of the differential calculus J. Phys. A 29 5007-5018 

[4] Dimakis A and Miiller-Hoissen F 1997 Noncommutative geometry and integrable 
models Lett. Math. Phys. 39 69-79 

[5] Dimakis A and Miiller-Hoissen F 1998 Noncommutative geometry and a class of 
completely integrable models Czech. J. Phys. 48 1319-1324 

[6] Henon M 1974 Integrals of the Toda lattice Phys. Rev. B 9 1921-1923 

[7] Plebahski J 1975 Some solutions of complex Einstein equations J. Math. Phys. 16 
2395-2402 

[8] Takasaki K 1989 An infinite number of hidden variables in hyper-Kahler metrics J. 
Math. Phys. 30 1515-1521 

[9] Fuchs D B, Gabrielov A M and Gel'fand I M 1976 The Gauss-Bonnet theorem and the 
Atiyah-Patodi-Singer functionals for the characteristic classes of foliations Topology 
15 165-188 

[10] Vinogradov A M 1978 A spectral sequence associated with a nonlinear differential 
equation, and algebro-geometric foundations of Lagrangian field theory with con- 
straints Soviet Math. Dokl. 19 144-148 

Tulczyjew W M 1980 The Euler-Lagrange resolution Differential Geometric Methods 
in Mathematical Physics (Lecture Notes in Mathematics 836), eds P L Garcia, A 
Perez-Rendon and J M Souriau (Berlin: Springer) 22-48 

[11] Torre C G 1992 Local cohomology in field theory with applications to the Einstein 
equations, [hep-th/9706092 



[12] Husain V 1994 Self-dual gravity as a two-dimensional theory and conservation laws 
Class. Quantum Crav. 11 927-937; 1995 The affine symmetry of self-dual gravity J. 
Math. Phys. 36 6897-6906 

[13] Strachan I A B 1995 The symmetry structure of the anti-self-dual Einstein hierarchy 
J. Math. Phys. 36 3566-3573 

Grant J D E and Strachan I A B 1998 Hypercomplex integrable systems, ^olv- 
I int/98080T9| 

[14] Curtright T and Zachos C 1994 Currents, charges, and canonical structure of pseu- 
dodual chiral models Phys. Rev. D 49 5408-5421 



22 



[15] Zakharov V E and Mikhailov A V 1978 Relativistically invariant two-dimensional 
models of field theory which are integrable by means of the inverse scattering problem 
method Sov. Phys. JETP 47 1017-1027 

[16] Nappi C R 1980 Some properties of an analog of the chiral model Phys. Rev. D 21 
418-420 

[17] Toda M 1981 Theory of Nonlinear Lattices (Berlin: Springer) 

[18] Dimakis A, Miiller-Hoissen F and Striker T 1993 Non- commutative differential cal- 
culus and lattice gauge theory J. Phys. A 26 1927-1949 

[19] Dimakis A and Miiller-Hoissen F 1992 Quantum mechanics on a lattice and q- 
deformations Phys. Lett. B 295 242-248 

[20] Hirota R, Ito M and Kako F 1988 Two-dimensional Toda lattice equations Progr. 
Theor. Phys. Suppl. 94 42-58 

[21] Gekhman M 1998 Hamiltonian structure of non-Abelian Toda lattice Lett. Math. 
Phys. 46 189-205 

[22] Matsukidaira J, Satsuma J and Strampp W 1990 Conserved quantities and symme- 
tries of KP hierarchy J. Math. Phys. 31 1426-1434 

[23] Drazin P G and Johnson R S 1989 Solitons: an Introduction (Cambridge: Cambridge 
University Press) 

[24] Pohlmeyer K 1976 Integrable Hamiltonian systems and interactions through 
quadratic constraints Commun. Math. Phys. 46 207-221 

[25] Scott A C, Chu F Y F and McLaughlin D W 1973 The sohton: a new concept in 
apphed science Proc. IEEE 61 1443-1483 

[26] Ward R S 1984 Completely solvable gauge-field equations in dimension greater than 
four Nucl. Phys. 236 381-396 

[27] Yang C N 1977 Condition of self-duality for SU(2) gauge fields on Euclidean four- 
dimensional space Phys. Rev. Lett. 38 1377-1379 

Chau L-L 1983 Chiral fields, self-dual Yang-Mills fields as integrable systems, and the 
role of the Kac-Moody algebra Lecture Notes in Physics 189, ed K B Wolf (Berlin: 
Springer) 110-127 

[28] Prasad M K, Sinha A and Chau Wang L-L 1979 Non-local continuity equations for 
self-dual SU(N) Yang-Mills fields Phys. Lett. B 87 237-238 

[29] Pohlmeyer K 1980 On the Lagrangian theory of anti-self-dual fields in four- 
dimensional Euclidean space Commun. Math. Phys. 72 37-47 

[30] Ablowitz M J, Kaup D J, Newell A C and Segur H 1974 The inverse scattering 
transform - Fourier analysis for nonhnear problems Stud. Appl. Math. 53 249-315 



23 



[31] Faddeev L D and Takhtajan L A 1987 Hamiltonian Methods in the Theory of Solitons 
(Berlin: Springer) 

[32] Olver O J 1986 Applications of Lie Groups to Differential Equations (Berlin: 
Springer) 

[33] Hirota R 1976 Direct method of finding exact solutions of nonlinear evolution equa- 
tions BdcMund Transformations, the Inverse Scattering Method, Solitons, and their 
Applications, ed R M Miura (Berlin: Springer) 40-68 

Hirota R 1986 Reduction of soliton equations in bilinear form Physica 18D 161-170 

[34] Sato M 1981 Soliton equations as dynamical systems on infinite dimensional Grass- 
mann manifolds RIMS-Kokyuroku 439 30-46 

[35] Jimbo M and Miwa T 1983 Solitons and infinite dimensional Lie algebras Puhl. RIMS 
19 943-1001 



24 



